Thin film drainage measurements are presented for submicron films of an ''ideal elastic'' or Boger fluid, which is a high molecular weight polymer solution in a high viscosity solvent. The measurements are made in a surface force apparatus, with the fluid being squeezed between two mica surfaces in a crossed cylinder geometry and the film thickness measured as a function of time to study its drainage behavior. No equilibrium surface forces are detected in this system, indicating that the polymer is nonadsorbing. The effect of fluid elasticity is predicted to make drainage more rapid in a Boger fluid than for the equivalent Newtonian fluid. Qualitatively this is what is observed for films less than 600 nm thick, but the drainage is even more rapid than predicted for the elastic fluid. To account for this, it is suggested that slippage is occurring at the fluid-solid interfaces, and the data is analyzed in terms of a simple slip model. The slip length required to fit the data is in the range 30-50 nm.
I. INTRODUCTION
There has been considerable interest in recent years in questions surrounding the behavior of very thin fluid films bounded by solids. This situation is important in several technological areas including lubrication, adhesion, contact mechanics, fracture mechanics, polymer processing, wetting dynamics, colloidal hydrodynamics, and mineral flotation. Questions of interest include the structure of liquids in confined geometries; whether proximity to surfaces can cause a thin fluid film to behave like a solid under some conditions; the microscopic limits to continuum hydrodynamic descriptions of fluid behavior; and the nature of the hydrodynamic boundary conditions ͑slip or no-slip͒ at a fluid-solid interface. A variety of experiments in the surface forces apparatus ͑SFA͒ [1] [2] [3] [4] and related devices [5] [6] [7] has shed light on some of these questions, as well as raising several new questions which have stimulated a lot of theoretical interest in liquids in confined geometries, theoretical polymer physics, and socalled nanotribology. 1, 8 Many of the SFA experiments have involved fluid films confined between two mica surfaces brought to within a few molecular diameters of each other, with one of the mica surfaces driven in a direction parallel to the other surface, i.e., a simple shear geometry. [4] [5] [6] However, we are interested in revisiting a different type of experiment in which the dynamic thinning, or ''drainage,'' of a fluid film is investigated as the two mica surfaces are pressed together along an axis normal to both of them, i.e., a squeeze film geometry. The first experiments of this type, conducted some time ago, involved simple Newtonian liquids including octamethylcyclotetrasiloxane ͑OMCTS͒, n-alkanes, water, 3,9,10 low-molecular weight polydimethylsiloxane ͑PDMS͒, 11 polybutadiene, 12 and polyisoprene. 13 These experiments suggested that continuum hydrodynamic models of the fluids could be applied down to extremely small surface separations, of the order of a few molecular diameters. The data are well described by simple models assuming ͑a͒ that the fluid viscosity is the same in a very thin film as it is in the bulk fluid, and ͑b͒ that no-slip boundary conditions apply either exactly at the solid-fluid interface 9, 14 or one or two molecular diameters into the fluid. 3, 11, 12 Investigations of microscopically thin films between curved solids have been extended to viscoelastic polymer solutions between metal-clad glass surfaces by collaborating groups at Lyon and Pau. 7, 15, 16 The focus of these studies has been on the rheological properties of confined films, with the general conclusion that properties are altered due to a thin layer of adsorbed polymer. The initial motivation for the present paper was similar: to conduct experiments on viscoelastic fluids in the SFA, which should allow exploration of film thicknesses down to molecular dimensions. A suit-able viscoelastic fluid is an ''ideal elastic'' fluid, sometimes called a Boger fluid, which has approximately constant viscosity over a wide range of shear rate. [17] [18] [19] This class of fluid has been extensively studied by rheologists, not least because the simple behavior allows modelling of elasticity effects in various flow situations without complications due to shear thinning. Previous work has shown that macroscopic squeeze film behavior of the Boger fluid between flat surfaces is well represented by an Oldroyd B model, 20 which combines a Newtonian solvent plus a Maxwell element to describe the high polymer contribution to viscosity and elasticity. Reference 20 shows that the limiting behaviors at high and low shear rates are those of Newtonian fluids having viscosity equal to that of the solvent and the zero-shear viscosity of the polymer solution, respectively.
Another question that has been raised is whether and under what conditions a fluid may slip at a solid interface. It is well accepted in hydrodynamics that simple fluids should normally obey a no-slip boundary condition at a solid interface, that is, the velocity of the fluid immediately adjacent to a solid is equal to that of the solid. Batchelor 21 presents a macroscopic argument to justify this condition based on an idealization of the transport processes occurring. However, as noted, for example, by Bocquet and Barrat, 22 the no-slip boundary condition has not been justified on a microscopic level. In more complicated fluids such as suspensions and polymeric fluids, it is known that this boundary condition may break down, and that the fluid ͑at least, when observed on a length scale equal to or larger than the size of the polymer molecule or suspended particle͒ can slip at the solid boundary. There have been several recent theoretical discussions of the occurrence of boundary slip in polymeric fluids [23] [24] [25] and several experimental observations that support this. [26] [27] [28] Slip has also been observed in low molecular weight liquids in contact with certain solids such as noble metals 29 and lyophobic surfaces. [30] [31] [32] One of us has calculated how the squeeze film drainage between curved surfaces would be modified by the occurrence of slip boundary conditions. 33, 34 Drainage experiments conducted in the SFA, which has the ability to probe fluid films of molecular thicknesses, may be able to yield detailed information on slip even when the slip length is microscopic. Previous SFA drainage experiments were able to pinpoint the position of the effective ''no-slip'' boundary to within a few tenths of a nanometer. 3, 4, 11, 14 After describing the details of the experimental measurements of rheology and thin film drainage on a Boger fluid in the following section, we present some elements of the requisite theory, including corrections for slip, a discussion of the effect of fluid elasticity, and estimates of shear rates and elastohydrodynamic deformation. Then follow the results and discussion and a concluding section.
II. EXPERIMENT
The Boger fluid was prepared 35 by dissolving pellets of polyisobutylene ͑PIB͒ of molecular weight M n ϭ1.5ϫ10 6 , with polydispersity M w /M n Ϸ2, in a small amount of kerosene, then mixing this with a low-molecular weight polymer melt, poly͑1-butene͒, of molecular weight M n Ϸ650. The final composition is 0.1% PIB, 92.5% polybutene, and 7.4% kerosene ͑by weight͒. Rheological characteristics of the fluid were measured at 22.5Ϯ0.5°C using a modified Rheometrics fluids spectrometer. In addition, the rheological characteristics of the solvent ͑ϭpolybuteneϩkerosene mixed in the same proportion͒ were measured with the same instrument.
Squeeze film experiments were conducted in a surface force apparatus 36 under an atmosphere of dry nitrogen at room temperature ͑22.1Ϯ0.1°C͒, using the method described by Chan and Horn.
3 Two sheets of mica were bent around and glued to cylindrical lenses which were mounted, one above the other, with their cylindrical axes horizontal and at right angles to each other. We will refer to the vertical axis which is the shortest line between the two cylindrical axes, and normal to both cylindrical surfaces, as the symmetry axis. 37 This geometry is, to leading order in curvature, equivalent to an elliptic paraboloid ͑or a sphere, if the cylinders have equal radii͒ approaching a flat plate. 34 The results presented below were obtained with cylinder radii R 1 ϭ1.70 and R 2 ϭ1.78 cm. The lens carrying the upper mica sheet was fixed; the lower one was mounted on a horizontal cantilever spring ͑of stiffness kϭ1.15ϫ10
4 N/m͒ whose deflection is proportional to the force exerted on it. The other ͑distal͒ end of the spring could be moved vertically in a prescribed way, with a precision of 0.1 nm. The separation h between the two mica sheets along the symmetry axis ͑i.e., the minimum thickness of the fluid film that is between them͒ was measured using an optical interference technique. 36 Recording the interference fringes with a video camera allowed the separation as a function of time, h(t), to be analyzed. The uncertainty in separation is estimated as being the greater of 0.2% and 0.2 nm and the uncertainty in time, 0.02 s, is established by the scan rate of the video camera.
For the drainage experiments described here, the distal end of the cantilever spring was driven at a constant speed for a certain length of time, and then held at rest. The response of the proximal end was monitored by measuring the distance between the mica surface it carried and the other ͑fixed͒ mica surface. Any difference between the movements of the two ends of the spring corresponds to a deflection of the spring, which is proportional to the force acting on the lower mica sheet. In the present investigations, the force is due to hydrodynamic drag exerted on the lower mica when it is moved in the presence of a fluid. As described below, this force is readily calculated for Newtonian fluids with no-slip or slip boundary conditions. Hence it is possible to calculate the instantaneous deflection of the spring and the position of the lower mica sheet as a function of time for a given driving function, for comparison with the experimental measurements. Results were obtained for various combinations of initial separation and driving speed.
III. THEORETICAL CALCULATION OF FILM THINNING

A. Force balance
The separation between the cylinders as a function of time is calculated by solving the equation of motion of the lens carrying the lower mica surface, under the assumption that its inertia is negligible. 3 This is justified in the present experiments since the Stokes number, which provides a measure of the inertia of cylinders relative to the viscous forces, is much less than unity. As discussed in the following section, there are negligible surface forces acting between the two mica surfaces in these experiments, so that the hydrodynamic force F h is balanced by the restoring force F k of the spring
where ⌬ is the instantaneous deflection of the spring and k is the spring constant. If L(t) represents the position of the distal end of the spring, we can write
In the present experiments the distal end was driven at a constant speed V for a limited time t s :
where h 0 is the initial separation and VϽ0 when the surfaces are driven in the direction of decreasing h, i.e., driven towards each other. Hence the equation to be solved is
As we shall see below, F h is in general a function of h and its time derivatives, so Eq. ͑4͒ is a differential equation in h(t) which can be solved numerically and the results compared with the experimentally measured drainage curves which are also presented as h(t).
B. Hydrodynamic force for Newtonian fluid "no slip…
The hydrodynamic drag on the moving mica surface is dominated by resistance to thinning of the fluid film. For thin films of Newtonian fluid having viscosity , and assuming that no-slip boundary conditions apply at each of the fluidsolid interfaces, this is readily calculated 3 by exploiting the lubrication approximation, which leads to the Taylor equation
where R 1 and R 2 are the radii of the two cylinders.
C. Correction for slip
When slip boundary conditions are applied at the fluidsolid interface the hydrodynamic force for a Newtonian fluid becomes
where the correction for slippage f * depends only on the ratio of film thickness h to the slip length b, defined by
Here v s is the fluid's slip ͑tangential͒ velocity at the solid surface and the axis n is normal to the surface. In the case of cylinders having the same slip length, the correction factor is
͑8͒
Note that these expressions are derived assuming that the slip length is independent of the shear rate and the film thickness h, which ͑as we will discuss below͒ may be too simple. However, it would be difficult to make a calculation that goes beyond these assumptions, especially since both shear rate and film thickness are inherently non-uniform in the crossed-cylinder geometry. The correction for slip is always less than unity, so the hydrodynamic force is reduced and the fluid between the cylinders drains faster than in the no-slip limit.
D. Equation of motion
Combining Eqs. ͑4͒, ͑6͒, and ͑8͒ gives the equation of motion for a Newtonian fluid with or without slip:
which can be solved numerically to give h(t). If no-slip boundary conditions apply, then f *ϭ1 in this equation.
E. Effect of fluid elasticity
It has been shown in Ref. 20 that the Boger fluid can be successfully modeled as an Oldroyd B fluid in the squeeze film geometry. A feature of this model is in the limits of low shear rate and high shear rate the behavior approaches that of Newtonian fluids having the viscosity of the polymer solution and the solvent, respectively. Hence these two Newtonian solutions provide upper and lower bounds for the Boger fluid drainage curves, with the behavior expected to approach the lower bound ͑solvent viscosity͒ when the shear rate exceeds the inverse relaxation time of the elastic ͑poly-mer͒ component, as described in the Results section.
F. Shear rate in the presence of slip
We are interested in calculating the value of shear rate encountered in our experiments to know when the effects of fluid elasticity may begin to be significant. In addition, polymer physicists have argued that under some conditions when polymers are adsorbed to the surfaces, slippage may occur only above a critical shear rate and slip length may be dependent on shear rate. 23, 24 A calculation of shear rate is presented in Appendix A. It should be noted that the shear rate is not uniform in the crossed-cylinder geometry, and the calculation gives only the maximum shear rate. As described in Appendix A, this occurs at the solid-fluid interfaces at certain points that are not on the symmetry axis. The maximum shear rate is found to be
where R min is the smaller of R 1 and R 2 , and g* is defined by
The shear rate calculation is made for a Newtonian fluid, assuming a constant slip length. Therefore it is not strictly valid for the two situations mentioned above ͑departure from Newtonian behavior, and shear-dependent slip length͒. Nevertheless, it should provide a reasonable indication of the maximum shear rate to be expected in our measurements.
G. Elastohydrodynamic deformation of solids
The above equations for the hydrodynamic force have been derived under the assumption that the cylinders are sufficiently rigid to neglect any deformation of their surfaces due to hydrodynamic stress. However, at high driving speed and small surface separations we can expect deformation due to nonuniform hydrodynamic pressure along the film. Clearly, in our squeeze film experiment the pressure is always positive, and the result of deformation is to shift the surfaces to a larger separation and to flatten them. In general, the calculation of deformation requires a numerical method. However, if deformation is small (wӶh), then as a first approximation it can be determined via the pressure profile in the absence of deformation, and the speed of relative motion of the surfaces Ϫdh/dt is approximately equal to the relative speed of the centres of mass of the two solids. 39, 40 The maximum combined deformation for both cylinders is then
where
and w*(0) is a correction for slip which for cylinders of equal slip lengths is given by
͑14͒
In these expressions, h is the separation in the absence of deformation, is Poisson's ratio and E is Young's modulus for the solid bodies. In the SFA the solids are a composite of mica, silver, glue, and glass, which makes a calculation of problematic. However, the elastic deformation of the system under strong contact or adhesive forces also depends on , so measurements of such deformation can be used to extract the value of for a particular experiment. 41, 42 At 6bӶh and for R 1 ϭR 2 the above expression transforms to the known expression for identical cylinders in the absence of slip. 3 The quantity w(0) cannot usually be measured. What we measure to a high degree of accuracy is h ϩw(0). Strictly speaking, plotting hϩw(0) as a function of t does not correspond to a realistic drainage curve with elastic surfaces, because besides the correction to separation we also have to take into account the corrections to the pressure distribution, hydrodynamic force and equation of motion caused by deformation. These issues have not been fully addressed in the literature, although recently Vinogradova and Feuillebois have made a first attempt to suggest a method of analytical calculation of the force due to deformation. 40 
IV. RESULTS AND DISCUSSION
The rheological characterization of the Boger fluid used in these experiments is shown in Fig. 1 . It can be seen that the fluid behaves as a viscoelastic fluid whose behavior can be described moderately well by a dual convected Maxwell model, 35, 43 
where is the viscosity measured in steady shear, Ј is the dynamic viscosity measured in oscillatory shear at frequency and GЈ is the storage modulus. In these expressions the first term describes the contribution of the solvent ͑poly-butene plus kerosene͒ and the second term gives the contri- 44 have shown that a better characterization is obtained by using a spectrum of relaxation times, but as we shall see below, the details of the viscoelastic behavior are not critical for discussing the drainage behavior of the Boger fluid. The Oldroyd B model is equivalent to putting s ϭ0 in Eqs. ͑16͒ and ͑17͒. This does not fit the rheological data well at frequencies approaching or exceeding s Ϫ1 ͑Ϸ3000 s Ϫ1 ͒, but it should be adequate for the experiments presented here because it turns out that the shear rates do not exceed a few hundred s Ϫ1 . In describing the drainage behavior of very thin fluid films, it is necessary to consider any surface forces that may be acting between the solids. 3 In a preliminary report of SFA experiments on a Boger fluid of similar composition, it was suggested 45 that a significant repulsive force is present in this system, with a range of about 150 nm. However, subsequent re-examination of these data show that in fact no measurable surface force is present. The reason why the previous false conclusion was reached is explained by Horn et al., 46 who show that a ''false'' repulsion can be recorded when the usual SFA force measurement procedure 36 is followed in a viscous liquid, unless a long equilibration time ͑up to several minutes͒ is allowed between each reading. In the experiments described in Ref. 45 the interval was 3 minutes for each point, but the calculation subsequently given in Ref. 46 shows that this would not have been long enough for the surfaces to reach their new equilibrium position at small separations. ͑It is impractical to allow for longer equilibration times because the very slow approach to equilibrium cannot be distinguished from typical thermal drifts of ϳ0.01-0.1 nm/s.͒
In Table I we present some data measured in the present experiment, and demonstrate that the apparent repulsive force can be explained entirely as being a hydrodynamic effect. Several such data sets were measured, and all led to the same conclusion. After waiting 3 minutes for equilibration at each step, an ''apparent'' repulsive force was calculated from the measured spring deflection ͑column 2͒. However, a calculation of the appropriate hydrodynamic force still present after 3 minutes ͑column 3͒ shows that hydrodynamics can account entirely for the apparent repulsion. In fact the hydrodynamic force ͑calculated for a Newtonian fluid with no-slip boundary conditions͒ is greater than the measured force, which can only be explained by the presence of an attractive force or by a hydrodynamic force that is weaker than that calculated under these assumptions.
There are two possible sources of attraction in this system: a van der Waals force and a polymer depletion force. These are discussed in Appendix B, where it is shown that both of these effects ͑columns 5 and 6͒ are orders of magnitude too small to account for the difference ͑column 4͒ between the apparent force and the calculated hydrodynamic force. We conclude that the hydrodynamic force ͑column 3͒ is overestimated in the calculations, most likely due to the presence of slippage at the fluid-solid boundary as discussed below.
In summary, there is no evidence for any repulsive equilibrium force in this system, and the attractive forces are too weak to have any influence on the results presented below. The absence of a repulsive surface force indicates that the high molecular weight polymer in the Boger fluid does not adsorb to the mica surfaces. This is consistent with polybutene being a good solvent for the polymer, polyisobutylene. Figures 2 and 3 show two series of drainage curves measured with the Boger fluid. In the first series ͑Fig. 2͒, the surfaces were driven towards each other for a limited period of time, with different runs starting at a series of decreasing separations and driven for approximately constant periods, so that the final separations also decreased. The drive function L(t) is also shown in Fig 2. In the second series ͑Fig. 3͒ TABLE I. An ''apparent'' repulsion ͑column 2͒ is calculated from the measured spring deflection when two mica surfaces are brought towards each other in a series of steps, as is done in a conventional SFA force measurement ͑Ref. 36͒. The force is normalized by the geometric mean radius of curvature R g because this is standard practice in reporting SFA measurements. An interval of 3 minutes was allowed between each step, but a calculation of the residual hydrodynamic force ͑column 3͒ shows that the surfaces would not have reached equilibrium after that time. This calculation is made for a Newtonian fluid with no-slip boundary conditions. In fact, the spring deflection predicted from the hydrodynamic force is greater than the measured spring deflection ͑this is shown in column 4 as an equivalent difference in force͒. This means that either the hydrodynamic force in column 3 is overestimated, or that an attractive surface force is present to account for the reduction in apparent repulsion. The two sources of attractive force that might be expected in this system ͑van der Waals and polymer depletion forces͒ are estimated in Appendix B, and shown in columns 5 and 6. Since neither is large enough to account for the difference, the hydrodynamic force must be less than that predicted for a Newtonian fluid with no slippage. the runs started at approximately the same separation but were driven for increasingly long times, so again the final separations decreased. The drive speed in the second series was an order of magnitude faster ͑Ϫ172 nm/s in Fig. 3 compared to Ϫ18.6 nm/s in Fig. 2͒ . Figures 2 and 3 include theoretical curves calculated for Newtonian fluids with no slippage at the surfaces. The calculations are made using the viscosity ͑ϭ2.5 Pa s͒ found from the rheological measurements ͑Fig. 1͒ and the measured values of R 1 , R 2 , and k; in other words, there are no adjustable parameters in the theoretical curves. The fits are quite good for large h, but at smaller separations there is some discrepancy, especially in Fig. 3 where the speeds are higher. The discrepancy is always in the direction of the film thinning more rapidly than predicted by the Newtonian theory with no slip. To examine its significance more closely, the short-distance region of one of the drainage runs from Fig. 3 is reproduced in Fig. 4 . Also included in Fig. 4 ͑right-hand scale͒ is the maximum shear rate calculated as a function of time in the same drainage run. As described in Sec. 2 and Appendix A, the shear rate is nonuniform throughout the fluid, and we make no attempt to calculate an average value. Instead, Fig. 4 is intended to indicate the range of shear rate that is encountered in these experiments. The maximum value reaches about 100 s Ϫ1 , which is greater than the inverse relaxation time ( p Ϫ1 ϭ12.5 s Ϫ1 ) of the Boger fluid, indicating that elastic effects in the fluid become significant.
The shear rates are well below the inverse relaxation time of the solvent ( s Ϫ1 Ϸ3000 s Ϫ1 ) so the Oldroyd B model should be applicable. As shown in Ref. 20 , for shear rates that are high compared to p Ϫ1 the behavior for the Oldroyd B fluid would be that of a Newtonian fluid having the viscosity of the solvent. The drainage curve for the solvent only is included in Fig. 4 , using a viscosity of 2.05 Pa s which corresponds to the measured viscosity of the solvent shown by the open circles in Fig. 1͑a͒ . It can be seen that the experimental data shows drainage that is more rapid than this The experimental data show that the drainage is more rapid than this lower limit.
predicted lower limit at hϽ200 nm. In other words, the drainage is more rapid than predicted for the solvent alone without any high molecular weight polymer present.
An alternative explanation for the more rapid drainage of the film compared to the simple Newtonian theory for the solution can be obtained if we invoke slippage at the surfaces. This is illustrated in Fig. 5 , where the data and the Newtonian calculation are again reproduced from Fig. 3 , and compared with another calculation ͑solid curve͒ in which a constant slip length of 50 nm is incorporated in the Newtonian model. This has the effect of allowing more rapid drainage, and it provides a reasonable fit to the data down to h Ϸ70 nm. If similar fits are made to a variety of drainage runs, as shown in Fig. 6 , it is found that the slip length required to fit each run increases from 30 nm for runs ending at hϾ800 nm to 50 nm for runs ending at hϽ30 nm. The data sets in Fig. 2 , measured at a lower driving speed, are well fitted with slip lengths of 30Ϯ10 nm. This suggests that the slip length is itself a function of film thickness and/or shear rate. Of course this immediately raises a difficulty: the simple model of slip that we have used here assumes a constant slip length, so it can only be considered as a first approximation. Nevertheless, the calculation presented here demonstrates the effect of slip and the magnitude of the slip length.
The measured data presented in Figs. 5 and 6 show slower drainage than the theoretical prediction incorporating slip for hϽ70 nm. A possible explanation for this discrepancy is elastic deformation of the solids. When the surfaces approach, the hydrodynamic pressure between them causes a slight flattening of the cylinders, which is in fact observable in these experiments because it changes the shape of the interference fringes that are used to measure surface separation and radius of curvature. 36, 42 A first-order calculation of the elastic deformation at the closest part of the cylinders, w(0) ͑discussed in Sec. II͒, is shown in Fig. 7 for the same run as in Figs. 4 and 5. This estimate of deformation requires knowledge of the elastic constant of the solids . The value ϭ1.2ϫ10 Ϫ10 m 2 /N was obtained from the diameter of the flattened region in adhesive contact measured in air at the start of the experiment. 41, 42 Adding the estimated deformation shown in Fig. 7 to the calculated drainage curve shown in Fig. 5 ͓i.e., plotting hϩw(0) vs t͔ would make a slight improvement to the fit, but not by enough to give a good match to the data at very small h. It must be remembered that this is a first-order calculation only, and given the approximations required we do not expect it to be accurate, especially for such a thin film ͑see Sec. II͒. A full calculation of elastohydrodynamic deformation and its effect on the equation of motion remains very difficult and well beyond the scope of this paper.
V. CONCLUDING REMARKS
We have presented data describing the squeeze-film drainage of an ''ideal elastic'' or ''Boger fluid'' in submicron films between curved solid surfaces. The fluid consists of a high molecular weight polymer dissolved in a viscous solvent which is itself a low molecular weight oligomer. There is no repulsive surface force present in this system, which clearly indicates that the high molecular weight polymer does not adsorb to the mica surfaces. Under such conditions the only surface forces to be expected are the van der Waals and depletion attractive forces, but both of these are too small to be measured.
The predicted drainage for a Boger fluid ͑modeled as an Oldroyd B fluid 20 ͒ is more rapid than for a Newtonian fluid of the same zero-shear viscosity. What our results show, however, is that the drainage is even more rapid than the high shear rate limit of the Oldroyd B model, which would correspond to the solvent alone. In other words, the elasticity of the fluid cannot account for the measured drainage curves. To explain this we invoke slippage at the fluid-solid interfaces. Qualitatively, this result was already anticipated in analyzing the ''static'' forces in Table I , where we found that the apparent repulsion due to hydrodynamic drag was overestimated if the standard no-slip boundary conditions were used in the calculation.
Calculations based on a model of constant slip length provide a reasonably good description of the data ͑Figs. 5 and 6͒, although the fit is not good for the very thinnest films, hϽ70 nm. The slip lengths required to fit the data are 30-50 nm, so it is not unreasonable that the model breaks down when the film thickness is comparable to the slip length. Furthermore, the experiment is prone to elastohydrodynamic deformation at these film thicknesses, which greatly complicates the theoretical analysis. We note that the presence of this deformation leads to an apparent reduction in the drainage rate, and so it cannot affect the conclusion that slippage is required to account for the drainage occurring faster than predicted by the Newtonian or Oldroyd B theory.
There is some indication that the slip length increases for higher shear rate and thinner films. If this is so then the model we have used is too simple, although extending it to variable slip length would not be straightforward. We also have to note that the values of slip length that we have determined from fitting theoretical curves to our data are sensitive to the choice of other parameters, namely viscosity, cylinder radii and spring constant. For example, reducing the value of viscosity by 18% from the zero-shear value ͑2.5 Pa s͒ to that of the solvent ͑2.05 Pa s͒ before calculating the theoretical curves would have the effect of predicting more rapid drainage, and the values of slip length then required to get good fits would be 10-15 nm for separations h Ͻ200 nm. Note however that it is not possible to fit all of the drainage curves by further reducing the viscosity ͑or adjusting the radii and spring constant͒-if it is reduced too much, the predicted drainage becomes too rapid at small t and large h. The only reasonable fits to the entire data set are obtained when we include slip lengths of some tens of nm.
This magnitude of slip length is very much smaller than the values reported for polymer melts, which can range up to hundreds of m. 26 However, it is quite large if we consider a simple model for slip length arising from a layer of fluid of reduced viscosity adjacent to each solid surface. The absence of any repulsive surface force in our experiment provides a good indication that the high-molecular weight polymer component of the Boger fluid does not adsorb to the mica surfaces. For a nonadsorbing polymer in solution, the segment density must decrease from its average value in the bulk to zero at the surface, the decrease occurring over a range commensurate with the radius of gyration of the polymer. This means that the fluid immediately adjacent to the surface would have a lower viscosity: that of the solvent ( s ) rather than the solution ͑͒. The slip length of a simple two-layer model such as this can easily be predicted:
where ␦ is the thickness of the layer of lower viscosity. Taking the layer thickness to be the radius of gyration which we estimate to be 10 nm and the measured values of p and s ͑Fig. 1͒ gives bϭ2.2 nm. Clearly the values determined from fitting the data are an order of magnitude larger than this model predicts. A possible explanation is that some of the kerosene present in the Boger fluid is concentrated near the surfaces, reducing the viscosity of the surface layer ͓ s in Eq. ͑18͔͒. In summary, our results show that the thin film does not follow the predictions based on the bulk rheological properties of the Boger fluid. The experimental situation is complicated by deformation and a nonuniform shear rate in the fluid, but the conclusion is clear that flow properties are different in the thin film, almost certainly due to slippage at the fluid-solid interfaces. Previous investigations of polymer melts and polymer solutions in the SFA 11, 12, 46 or similar devices 7, 15, 16 have found the no-slip plane to be shifted into the fluid phase, along with other evidence of adsorbed layers of polymer. In the present experiment the absence of a repulsive surface forces indicates that there is no adsorption, and the drainage measurements indicate that there is slippage in this situation.
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APPENDIX A: CALCULATION OF THE MAXIMUM SHEAR RATE FOR A NEWTONIAN FLUID WITH SLIPPAGE
Consider two cylinders whose axes are aligned parallel to the orthogonal y and x directions, moving towards each other along the z axis. The local distance between the surfaces is H(x,y) and the maximum shear rate corresponds to zϭ0 and z ϭH:
Calculation of " t p(x,y) gives
The maxima of ͉␥ ͉ max are located at the points where the following conditions are satisfied:
‫␥͉ץ‬ ͉ max ‫ץ‬x ϭ0 and ‫␥͉ץ‬ ͉ max ‫ץ‬y ϭ0. ͑A9͒
The ͑physical͒ solutions of the system are The substitution of solution ͑a͒ into the expression for shear rate gives ͉␥ ͉ max ϭ0, which is clearly not the maximum of the function ͉␥ ͉ max . In order to find the maximum we have to analyze only solutions ͑b͒ and ͑c͒. Standard consideration of the second partial derivatives leads to the conclusion that the maximum shear rate is found at points along the axis parallel to the cylinder of larger radius ͑x or yϭ0͒ at the position ͑y or x͒ at which
3 ͪ .
͑A14͒
Here it has the value where R min is the smaller of R 1 and R 2 . In the case where R 1 ϭR 2 the maximum shear rate is found along a circle.
APPENDIX B: ESTIMATE OF EQUILIBRIUM SURFACE FORCES
There are two possible sources of attractive equilibrium surface forces in the present system of two solids separated by a solution of nonadsorbing polymer. The first is the van der Waals force and the second is a depletion force. Each of these is estimated below.
van der Waals force
The van der Waals force between crossed cylinders of a solid material separated by a fluid film is given by 48 F vdW ϭϪ AR g 6h 2 , ͑B1͒
where A is the Hamaker constant, R g is the geometric mean of the cylinder radii and h is the minimum separation between their surfaces. The Hamaker constant for the mica/ Boger fluid/mica system has not been determined, but it should be comparable to typical values for other mica/ hydrocarbon/mica systems. For example, Christenson et al. 49 reported values of A from 3 to 6ϫ10 Ϫ21 J for low molecular weight alkanes. The upper end of this range, 6ϫ10 Ϫ21 J, is used to make the estimates presented in Table I .
Depletion force
When the fluid separating two solids contains supramolecular entities such as surfactant aggregates or high molecular weight polymer molecules, these large entities ͑if they do not adsorb to the solids͒ may be excluded from a thin region of fluid between the solids when the surfaces come very close. When this happens, the osmotic pressure in the fluid between the solids is lower than it is in the bulk fluid, and this effect results in an attractive force known as a depletion attraction. As discussed by Napper, 50 the magnitude of this attraction can be estimated as
where 0 ϭkTN p /⍀ is the limiting van't Hoff osmotic pressure when N p polymer solute molecules are present in a volume ⍀. Between curved surfaces the solute is excluded from a volume V excl whose projection onto the surfaces has an area S. Between crossed cylinders, and assuming that the polymer solute molecules are rigid spheres of radius r g ͑the radius of gyration͒, a simple calculation gives Ϫ6 )ϫ(20Ϫh) ͑with h in nm͒, which is used to generate the numbers given in Table I. 
